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Abstract 

We study the theory of noncommutative U(N) Yang- Mills field interacting with 
scalar and spinor fields in the fundamental and the adjoint representations. We 
include in the action both the terms describing interaction between the gauge and 
the matter fields and the terms which describe interaction among the matter fields 
only. Some of these interaction terms have not been considered previously in the 
context of noncommutative field theory. We find all counterterms for the theory to 
be finite in the one-loop approximation. It is shown that these counterterms allow 
to absorb all the divergencies by renormalization of the fields and the coupling 
constants, so the theory turns out to be multiplicatively renormalizable. In case 
of 1PI gauge field functions the result may easily be generalized on an arbitrary 
number of the matter fields. To generalize the results for the other 1PI functions it 
is necessary for the matter coupling constants to be adapted in the proper way. In 
some simple cases this generalization for a part of these 1PI functions is considered. 



1 Introduction 



Noncommutative field theories have been attracting great attention for the past few years. 
Interest in these theories began with the discovery of their relation to string theory (see |l|] 
and references therein). Apart from the string theory interest they are interesting on their 
own as a sufficiently consistent non-local quantum field model, (see reviews 0,[3].[l|]). 

Noncommutativity has some important consequences. Two main consequencess are a 
restriction on the gauge group0 and charge quantization |l£],[T8|]. One of the conse- 
quences at quantum level is the so-called UV/IR mixing. Although the limit 6^ v — > ([!]) 
(9^ v are the noncommutativity parameters) reduces a classical noncommutative theory to 
its commutative counterpart, at the quantum level this is not the case due to the UV/IR 
mixing |^,^,|9|,[TU],|rT[]. This phenomenon of mixing of UV and IR singularities appears in 
the so- called nonplanar diagrams: some of the UV singularities of a commutative theory 
convert in IR singularities in its noncommutative counterpart. So, contributions of the 
nonplanar diagrams to the effective action are singular in 9^ v p u (p is external momenta). 
These divergencies are interpreted as IR ones [0] and UV singularities of the noncommu- 
tative theories are not the same as in their commutative counterparts. As a consequence, 
it may violate renormalizability of the noncommutative field theories. Although there is 
a general statement that a noncommutative field theory should be renormalizable if its 
commutative counterpart is renormalizable (see e.g. |l2j and the reviews |2|,[|,f|]) we need 
an explicit check to support this statement in each new concrete model (see the discus- 
sion of this point in review || ). By now, as far as the nonsupersymmetric field theories 
are concerned, it has been checked by direct calculations two-loop renormalizability of 

theory |13],[14| and one loop renormalizability both pure noncommutative U(N) gauge 
theory [|l|, pl| |Tj]] and noncommutative U(N) gauge theory interacting with the fermionic 
field in the fundamental representation ]T{| and the bosonic field in the adjoint represen- 
tation |2(J separately. We are going to consider here renormalizability of a general theory 
of a noncommutative U(N) gauge field interacting with matter fields. But in contrast to 
the previous works where Yang-Mills field interacts with only a single kind of matter field 
we consider a most general action and include the scalar and the spinor fields both in the 
fundamental and in the adjoint representations. The action also contains terms which 
describe interaction among the matter fields and some of them have not been considered 
previously. 

Also we point out the activity concerning the supersymmetric field theories. There 
exist two approaches: the fermionic coordinates of a superspace may be endowed with 
noncomutativity p4j or not [25|. The second approach is more usual one. Different 
quantum properties of matter and gauge fields have been investigated both for M = 1 
(see e.g. 



26, 27|, 2q|) and extended supersymmetric theories (see e.g. [2^, 30, §1, 32] 



This paper is organized as follows. In next section we briefly review basic properties 
of noncommutative field theories and also fix the notation and the action to be studied. 
The action contains the scalar and the spinor fields both in the fundamental and the 
adjoint representations and terms describing interaction among the fields. In section 3 
we find all counterterms needed to cancel the divergencies of the theory in the one-loop 
approximation. It is shown that these counterterms allow us to carry out renormalization 
of the fields and the coupling constants of the theory. Thus, the theory is multiplicatively 
renormalizable in the one-loop approximation. We also discuss the generalization of the 



1 We do not take into account gauge groups which are only constructed perturbatively in the noncom- 
mutativity parameter. Discussion of such field theories see i.g. in (32,34, 35[ |36], [37j . 
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theory for an arbitrary number of the matter fields. In the Appendix we write out the 
propagators and the vertices of the theory. The calculations are given using the dimen- 
sional regularization and standard methods of quantum field theory. We do not consider 
the details of the calculations and present only the final results. 



2 The Model 

We start this section with a brief formulation of some basic properties of noncommutative 
field theories. As it well known that a noncommutative field theory may be constructed 
from commutative field theory by replacing the usual product of the fields by the star one 



f-9^(J*g)(x)= exp(i^^)/(x + u)g(x + v) 



*(g*f){x), (i) 

u=v=0 



where the constants Q^ v are the noncommutativity parameters. 

As was shown in |5|,|| , the only possible gauge group admitting simple noncommutative 
extension (all pointwise products are replaced by the star one) for a noncommutative gauge 
field theory is U(N). Matter fields may transform or in the fundamental representations 

#0*0 = Ui(x)-k(j) j (x), i,j = 1,...,N, 

or in the adjoint representation 

<Vj(x) = U*{x) * S%(x) * U +i m (x), Uf * U + l = U+) * U* = 5). 

The covariant derivatives are defined as follows 

D^i = - igApl * fa, 

= d^)-ig[A^]) 

for the fundamental and the adjoint representations respectively. Under the gauge trans- 
formation these covariant derivatives transform as 

D'^ = Ui*D,fa, 

if the gauge field A has the transformation law 

4i = V} * 4* * U+l m - foil} * U +i k . (2) 
As a consequence, the field strength takes the form 

Fpv'j = dpAvj — d v A^- — igA^- -k A u % k + igA u k - -k A^ k 
and has the following transformation law 

F' fH , = U*F lu ,*U + . 



2 In principle, the matter fields can also belong to antifundamental representation p9| . However we 
do not consider this case here. 
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Hereafter we shall often omit matrix indices. From the transformation law 
may be restricted to be self conjugated (A^)* = A^\. 

Now we can write down the action of the theory which we are going to study 



we see A 



S, 



cl 



d d x 



tr 



4 



(3) 



+ tr 

tr 



M 2 2 $' 



Ai 
4! 



4! 



<3> + ★ $ * $ + * $ 



A 



2b 



tr 



4! 

4! ~ ■ -> 4! 

Here \& is a fermionic field in the adjoint representation, ip is a fermionic field in the 
fundamental representation, $ is a bosonic field in the adjoint representation and is a 
bosonic field in the fundamental representation. In comparison with the works fl~9| , |20| .[n 



- ^ tr - 1 '■' 

* $ * $ + * . 



22 1 we have included in the action ([3]) scalar and spinor fields both in the fundamental 
and the adjoint representations. We have also included in the action (|3j) terms which 
describe interaction among the matter fields allowed by symmetry and reality conditions. 
Since in the literature only one matter field has been studied to be coupled to a gauge 
field, the terms with f a , /& and h have never been considered. We use the couplings f a , 
fb, and A 2a , \ 2 b as independent in contrast to the works |3],|9|, pO|j. Of course, we could 
include in the action @ some more interaction terms (for example <3> + <I> 3 + c.c.) but in 
order to preserve multiplicative renormalizability it is necessary to consider in the action 
(0) mass-like terms containing $ 2 + c.c. which would complicate a consideration. 
The infinitesimal symmetry transformations of the action have the form 

1 



U 

8<j> 
8A„, 



SF, 



fJtU 



exp igT(x) 

igT-ktjj, Sip 4 

ig[T,% 5® 

igT*(j), 5<p + 

ig[T,<S>], 5& 
d^T^-igiA^T], 
ig[T,F^]. 



1 + igT(x) H — igT(x) -kigT(x) 



= -igip -k T, 

ig[T,% 
-- -ig(/> + * T, 
= ig[T,$ + ], 



T+ = T 



For any field / one has 



(5 Tl 5> 



r 2 



T 3 



*r 8 /> 

ig[T 1 ,T 2 \. 



We quantize this theory using the Faddeev-Popov method, by introducing the ghost field 
C and antighost field C, adding the ghost action and the gauge-fixing term (we use the 
Lorentz gauge) to the initial action (|^). Then the action we quantize reads 



S 



S c i + Sgf+fp, 



(4) 



S, 



GF+FP 



d d xtr( — 



+ C * dPDpC 
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The aim of our analysis below is to calculate all one-loop divergencies and to check 
the multiplicative renormalizability of the theory in the one- loop approximation. 



3 Renormalization of the one-loop effective action 

Let $ A denote all the fields in the theory ® A = ((f), </>+, $, $ + , A^, C, C, if), if), \l/), let 
bosonic part of these fields be tp l = ((f), <p + , $ + , A^) and fermionic part be 9 a = 
(C, C, if), if), (A, i and a are condensed indices which include discrete indices and 

space-time coordinates. Both summing and integration over repeated indices are as- 
sumed.) We use the background field method and split the action (||) into two parts So 
and V, where So is quadratic in its fields and V is the rest of the total action (|j) both 
depend on arbitrary background fields 3> and quantum fields Then, we have (up to a 
constant) 



where Ti is the one-loop effective action (EA) and all derivatives in fields are right 



Sab{®) 



S r S r S(^) 



5$ B 8§ J 



. We rewrite Sab® $ as 



where 



-S AB ($)$ B * A 



S[0a] 



ip l + G lk s ka e a , 

S[j3 a ] + G %3 Si[ a Sp]j 



SijG jk 



St 



Here G iJ \ Si a and S a p depend on background fields $. After these redefinitions we get 
Gaussian functional integral and can integrate over bosonic and fermionic fields respec- 
tively. As a result we have (up to a constant) 



r\ = -Tr(ln^($)-ln^; 



-Tr(ln S[p a ] ($) - In S [p o 



(5) 



Let us consider the first term in the rhs (El) and do the following transformations 



*Tr 
2 



In S i:j ($) - In S ( 



Oij 



*Tr 
2 



]nSoin(S? + GfV kj ($))-ln S ( 



Oij 



-Trln(^ + £*%(<!>)) 



E 

n=l 



-r 



n 



Tr (G k V kj ($)) n . 



(6) 



Here Gq are propagators for the bosonic fields SoijG^ 



dimensional analisis, the divergences in 



Qjjur = 5 k . Then one can show by 
may be originated only in the first four terms 



Gik\r 
.) v ki, 



syikir (~ij n \r 
7^0 v kj^0 Vnii 



/^iik\r /njn-ir /~iml\r 
<Jq V kj<^Q V nm Lr Vii 



mil 



6 



" /~iik-\r nJtiT/ /~iml\r T/ /Trsu 
_ o V kj^Q Vnm^o VlpVpr^o V sii 



mil 
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where V^- depends on backround fields $. Doing similar procedure for the second term in 
the rhs of we find that divergences may be originated in the following terms 

-\GfW^ l -GfW M Gfw 5a , 
-~GfW p ^ 5 W Se G™W aa , % -GfW p ,pfW 5e G^W aT Gl P W pa . 

Here Gq 13 are propagators for the fermionic fields Sq^Gq 1 = 5^ and Wp a = Vys a ] + 
G^Vi\ a Vpu depending on background fields $. To simplify calculations we perform the 
Fourier transformation of the propagators and the vertices 

dp\ d ( dp'^~ d 



G(x,x>) = J\Jj-j [^\ e^ +i ^G(p,p') = j^ +i ^'G(p,p f ), 

G(p,p') = 6(p + p')G(p), 
V(x,x') = [ e- ipx - ip ' x 'V(p,p r ). 



vv 



Resulting propagators Gq B ' and verticies Vab 1 have been written out in Appendix [A]. 

Let us review some more properties of the noncommutative field theories. As it may 
easily be seen from the definition of the star product ([![), there is the following identity 

d d x (0i * 4>2)(x) = / d d xcf)i{x)(f)2{x) , (7) 



which is proved with the help of integration by parts and the assumption that the func- 
tions 4>i(x) and 02 {%) have the proper asymptotic conditions. From this identity follows 
that the quadratic part of the action for any noncommutative theory is the same as that 
in its commutative counterpart. And as a consequence the propagators of the noncom- 
mutative theory and the commutative one coincide. The only thing which is modified is 
the interaction. After Fourier transform of the fields 

' dp s d 



<K*) = I [ eWX M = I eipx #p) 



v 



any interaction term gets an additional momentum dependence V 

0^(01*02* ...*<f> n )(x) = / ${Pl+P2 + ■ ■ ■ + Pn)4>(Pl) ■■■<f>(Pn)V(pi,---,Pn) 

Jp\...p n 

Vfa, ...,p n ) = e- 1 * ^>*=i p ^ , P 9k = p^k u . (8) 

Due to this factor some diagrams become finite. Consider a simple example of a one-loop 
graph. Let it contains two vertices with three fields in each one 

J d d x 0^ * 2 g * 3 g (x) and J d d x' 04 * 5 £ * 6 J (x') . 

Here are some fields and i and j are the group indices. To get a one-loop graph from 
these vertices we need to contract two fields from one vertex with two fields from another 
one. With the help of the cyclic property of the star product 

d d X 0i * 02 * ... * n = / d d X 02 * . . . * n * 0i 
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which follows from (|7]), the first contraction may always be done between the last field of 
the first vertex and the first field of the second one. In momentum space this reads 

PiP2Psk 1 k 2 k 3 

x < MM KM > fc?M kfM v( Pl ,p 2 , P3 ) v(h, fa, fa) . 

Any contraction of the fields has the following form 

< MM h?M >= 5% 8ifS(p 3 + fa) G( P3 ) . 
Integrating over fa and replacing p 3 — > p one gets 

6(pi +P2 +P)K-P + fa + fa) MM) MM MM MM x 

PPiP2k 2 k3 

x V( Pl ,p 2 ,p) V(-p, fa, fa) G(p) = 

6(Pi+P2 + h + fa) 0ig(pi) MM M^{fa) kf 2 (h) V(jn,p2, fa, fa) x 

pip 2 k 2 ks 

S(pi + p 2 + p) G{p) (9) 

Here we use the equality V(p x , . . . ,p n -!,p)V(-p, fa,..., k n ) = V(pi, . . . ,p n -i, fa, ■ ■ ■ , K) 
which follows from the definition of V and the delta functions S( P i + . . . + p n -\ + p), 
S(—p + fa + . . . + fa). Note that the group indices in are contracted as a trace of 
product of all the fields. 

To get a one-loop graph which is sufficient for our purpose, we need one more con- 
traction of the fields. This may be done by several ways. If we contract neighbour fields 
(i.e. 2 and 5 or 1 and 6 assuming the cyclic property of the trace over the group indices) 
we will get so-called "planar" diagram which has the UV divergences and its trace is over 
the product of all the fields of the graph. Consider for example contraction of fields 1 and 
6. One has 

< K(Pi) MM >= 5% 5%5( Pl + fa) G'( Pl ) . 
and after integration over fa and replacement p\ — ■> p' 

5% [ ~5( P2 + fa) MM) M 2 (fa) W,P2, fa, -P) x 

Jp'p 2 k 2 

x / 5(P2+P + p')G(p)G'(p') = 
Jp 

= N [ 5(p 2 + fa) MM) MM V(p 2 , fa, ) x 

Jpik 2 



X 



/ ~5(p 2 +p + p')G(p)G'(p') (10) 
j pp' 



The last line of fllPf) is a usual one- loop UV divergent integral. 

Another variant of contraction of the fields are 1 and 5 or 2 and 6. In these cases we 
get so-called "nonplanar" diagrams. Let us contract the fields 2 and 6. One has 

< MM MM >= 8% SifS(p 2 + fa) G"{p 2 ) . 
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p'pik2 



After integration over k 3 and replacement j> 2 p' we have 

s{pi + h) hTM) fatih) v (pi>p'> k> -v') x 

x / ~5( Pl +p + p')G(p)G"(p') = 
Jp 

S{pi + k 2 )^l( Pl )^%{k 2 )V{p u k 2 ,) x 
~5{p 1 +p + p')G{p)G"{p')e ip ' 9k * 



Pi&2 



X 



Here we see two features differing planar diagrams (10) from nonplanar ones (|TT|) . The first 
feature is the presence of the exponential factor e ip9k2 in (TTTT) . Namely this factor makes 
nonplanar diagrams finite. And the second feature is that in the nonplanar diagrams the 
group indices trace is not over the product of all the fields of the diagram. Due to this 
we shall have for example equations like ([141)181, 19). More detailed information on this 
subject may be found i.g. in refs. [fulfil [231 . 



3.1 Two-point gauge field function 

The diagrams which give the one-loop correction to the gauge field self- energy are shown 
in Figure [l|. Note that we may generalize the consideration of the two-point gauge field 




Figure 1: Diagrams contributing to the two-point gauge field function 



function to an arbitrary number of the matter fields. Let nj be the number of the fermionic 
fields in the fundamental representation!, np be the number of the fermionic fields in 
the adjoint representation, n b be the number of the bosonic fields in the fundamental 
representation, % be the number of the bosonic fields in the adjoint representation. The 
tadpole diagram with a gauge field loop (Fig.|TJb) has no UV divergence. Using the minimal 
substraction scheme and the dimensional regularization we find that the other diagrams 
give the following contributions to the one-loop counterterm 

S 1A2 = JL Zlgf / d d xtr \{d,A u - d v A^A v - d»A»)} x 

a+ c d e f + g h+ i , ■ 

x[ iV(3a-13) +4n f +8Nn F +n b +2Nn B }. ^ ' 

As a consequence, the renormalizations of A and a are easily found 

1 V 

A^ = Z A A^ Z A = 1+ ^ 4 [n b + 4n f + N(3a - 13 + 2n B + 8n F )} , (13) 

a = Z a a Z a = Z\. 

3 More precisely, n/ is the number of multiplets (N fields in each) of the fermionic helds in the funda- 
mental representation. Using QCD terminology, rif is the number of flavours, N is the number of colours. 
For the other fields situation is similar. 
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Here the bare quantities are labeled with o mark. From ( |13D we see that the renormal- 
ization of SU(N) part of the gauge fields is the same as in commutative SU(N) gauge 
theory with the same matter field content. 

Also note here that the non-planar contributions of these diargams have the following 
structure 

/ ~5(h + k 2 ) tiMh) tiApifo) I f a/3 (k, h, k 2 ), (14) 

Jk\k2 Jk 

where f af3 (k, hi, ^2) are some functions. If we denote To and T a to be generators of £7(1) 
and SU(N) groups respectively (U(N) = £7(1) x SU(N)), then we will see that only £7(1) 
part (and not SU(N) part) of U(N) group contributes to fli"4] ) due to tracelessness of T a . 
So term ( |i~4|) with UV/IR mixing depends on £7(1) part of the gauge fields only. 



3.2 Three- and four-point gauge field functions 

The diagrams which have UV divergent contributions to the three- and four-point gauge 
field functions are shown in Figures || and [3] respectively. As in the case of the two-point 




Figure 2: Diagrams contributing to the three-point gauge field function 




/ V\f- ► -fW 

e I t 



f i T 





^v\»--»---«w 

d \ \ 



/ \/\» 
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Figure 3: Diagrams contributing to the four-point gauge field function 

gauge field function we generalize our consideration to an arbitrary number of the matter 
fields. The result is 



SiA3 



^ 3 



dPxtr^A" * [Ap,A v ]) x 



(4vr) 2 d - 4 

a + b + c d e f g 

x [ N(9a - 17) +8n f +lQNn F +2n b +ANn B 

for the counterterm proportional to A 3 and 

1 



(15) 



S 1A 4 



J d d xti(A^A u ^ [A i ,A v ]) x 



(4tt) 2 d- 4 

a + 6 + c + d e f g + h + ij + k + l 

x[ iV(6a-4) +An f +8Nn F +n b +2Nn B 



(16) 
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for the four-point counterterm. From ( [L5|) we get the renormalization of the gauge field 
coupling constant (we keep all the renormalized coupling constants to be dimensionless) 
which is the same as in commutative SU(N) gauge theory with the same matter field 
content 

1 -a 2 

9 = frz g g Z g =l+ * y _ 4 [N{22 - 2n B - 8n F ) - n b - 4n f ] , (17) 

where \i is an arbitrary parameter with dimension of mass. As far as the counterterm 
(p"6|) is concerned it is absorbed by the renormalization of the gauge field (|1^) and the 
gauge coupling constant (|17D. 

Note here that the structure of the non-planar contributions to the three-point 1PI 
gauge field function has the form 

5(h + k 2 + h) trU^h)!^)) tri 7 (fc 3 ) / ff\k, k u k 2 , h) (18) 

+ / S(h + h + h) trA^h) \,vA p {k 2 ) trl 7 (fc 3 ) / ff\k, h, k 2 , k 3 ) (19) 

Jk\k2kz Jk 

(/ a ^ 7 are some functions) and as in the case of the two-point 1PI gauge field function 
there is no pure SU(N) contribution here (|T8]JT9| ) due to tracelessness of generators T a of 
SU(N) group. 

Also note that the quantity 

is independent of the presence of the matter fields (as well as in the commutative SU(N) 
gauge field theory). 

3.3 1PI functions with ghost field external lines 

There is only one diagram contributing in the two-point 1PI ghost field function. It is 
shown in Figure § and the counterterm which results from it has the form 



Figure 4: Diagrams contributing to the two- point function of 

ghost field 

Sic* = (4 ^J_ 4 (3-«) J d d x tr (Cd 2 C). (21) 
The renormalization of the ghost fields is easily found from ( pl~D 

The number of all the fields in the adjoint representation (including the ghost fields) is 
greater by one in comparison with its number in commutative SU (N) gauge field theory 
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due to the existence one more field corresponding £7(1) generator of U(N) group. The 
renormalization of SU (N) part of the ghost fields in the noncommutative case is the same 
as in the commutative SU(N) gauge field theory. 

Turning to the three-point function of the ghost field coupled to the gauge field. The 
relevant diagrams are shown in Figure |5] which result in the following counterterm 




Figure 5: Diagrams contributing to the three- point function of 
ghost field coupling to gauge field 



Sic 2 ,4 



1 2iag 3 N 
{An) 2 d-A 



d d x tr(C-kd^[A^C] 



This counterterm is absorbed by the renormalization of the fields and the gauge coupling 
and does not violate multiplicative renormalizability of the theory and 



constant 



22 



U(N) gauge invariance at the one-loop level. 



3.4 1PI functions with gauge field and fermion external lines 

Let us first consider 1PI two-point function of the fermion in the fundamental represnta- 
tion. There are only two diagrams contributing to this function (Fig.|6|), which have no 





Figure 6: Diagrams contributing to the two- point function of a 
fermion field in the fundamental representation 

non-planar contributions (and as a consequence there is no UV/IR mixing here). They 
lead to the counterterms 

N 

1 -2N 



+ 



(An) 2 d-A 



— (m 1 (a + 3)g 2 + M 1 \h\ 2 ) d d x^. 



which have the same structure as in commutative SU (N) theory but differ by the numer- 
ical coefficients. 

Now we try to generalize the result to the case of an arbitrary number of the matter 
fields. The relevant part of the classical action should have the following form 



n/ n f 



/ d d x(^^ A -kiYD^A~ J2 ^AmiAA'tpA' 
J A=l A,A'=1 

n f n F n b r . _ 

E E E ( h ABC ^A * * 0C + h* ABC <f>Q -k tyjj -k ■ (23) 
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In general case the mass matrix tuiaa' is a constant hermitian matrix. 

Let us briefly describe the general structure of renormalization of the field ^ A and its 
mass matrix. After calculating the one-loop counterterms the relevant part of the classical 
action plus the couterterms have the form 



d d x ]T \$ A 

A,A'=l 



>AA' 



d-4 



E 



AA> 



m lAA' + 



1 



d-4 



-M 



AA> 



M. (24) 



Here Eaa 1 and Maa 1 are some constant hermitian matrices E AA , = Ea>a, M 
generated by the divergences. From the first term of 
the field 



L AA' 



A'A 



we get the renormalization of 



n f / 11 

4>A = (<W + - 7~ E AA' 



A'=l 



d-42 



A'- 



Having expressed the renormalized field ipA from the bare one vf) A we substitute tpA to 
(El) and get the mass term in the form 



- E 

A,A',A"=1 



d rX I/I; 



miAA> + 



1/1 1 

Maa' — -^Eaa"^ia"A' — -^xaa"Ea"a> 



d-4 



From this expression we see that the renormalization of the mass matrix looks like 



m 1A A'= miAA> + 



d-A 



1 n/ r 

MaA' — r E \pAA"'m\A" A' + TniAA"EA" A' 



A"=l 



Note that if we assume that the renormalized mass matrix is diagonal miAA' — m iA^AA', 
then in general case the bare mass matrix m\AA> can't be diagonal since neither Maa 1 nor 
Eaa< must be diagonal. It should also be noted that the above general structure of the 
renormalizations of the field and the mass matrix is independent of whether the theory is 
noncommutative or not. 

Further we will discuss mainly the features associated with relationship between renor- 
malizations of commutative and noncommutative theories. To avoid the unessential com- 
plications and tedious relations and understand how mass renormalization is organized 
in noncommutative models we consider a special situation when the bare mass matrix 
is diagonal "m\AA<= m \A &AA 1 and the corresponding renormalized matrix is also diagonal 
m 1AA ' = rniA^AA'- 

Taking into account the above assumption we get the relevant part of the classical 
action plus the counterterms in the form ( p4[) where 

AT / n F n b \ 



Eaa 1 



M 



AA> 



(4tt) 2 

2N 
(4^)2 



2ag 2 5 A A> - E E h ABch* A , BC , 

B=l C=l / 

mi A g 2 (3 + a)5 A A> + E E M 1B h A Bch* A , BC 

B=l C=l J 



(25) 



From ( p5|) we see that Eaa' and Maa> are not diagonal and if we demand the bare 
mass matrix m 1A A> to be diagonal then we must impose the following restrictions on the 
parameters of the theory 



n F n b 



Y E (^ m ib + miA + m 1A ')hABch A , BC = C a $aa' 



B=l C=l 
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with Ca being some quantities. Since all the diagrams contributing to this 1PI functions 
are planar, these restrictions are the same as in the corresponding commutative theory. 
Therefore the interaction (p3|) should be adapted in the proper way or be discarded com- 
pletely. 

In the case of a single fermion field in the fundamental representation we have 

* = ^ = 1 + —^—^--^^), (26) 



1 N 



rip n b 



B=l C=l 



(27) 



Note here that the renormalization of the fermionic field in the fundamental representation 
and its mass have the same structure as in the commutative theory and the same numerical 
coefficients due to the absence of nonplanar diagrams contributing to the 1PI function 
in this case. It is interesting to point out that although the interaction Lagrangians in 



commutative and noncommutative theories differ, the renormalization relations (|26| , |2"T| ) 
under the above restrictions, turned out to be the same in both cases. 

Let us examine the fermion-gauge field vertex. The relevant diagrams are shown in 
Figure |7|. Their contributions in the case of a single fermion field in the fundamental 




4 A 

v — . — v 



Figure 7: Diagrams contributing to the three- point function of a 
fermion field in the fundamental representation 
coupling to gauge field 



representation is 



1 nN ( n F n b 



(4tt) 2 d - 4 



B=l C=l 



Since the renormalization of the fields tp and and the gauge coupling constant g have 
already been done, in the general case this counterterm may break the multiplicative 
renormalizability of the theory. But this does not happen due to the preservation of 
U (N) gauge invariance at the one-loop level and it is absorbed by the renormalization of 
the spinor and the gauge fields and the renormalization of the gauge coupling constant 



Note here that nonplanar contributions to this three-point 1PI function are indepen- 
dent of SU(N) part of the gauge fields. 

Similar situation arises for the fermion field in the adjoint representation. The dia- 
grams are shown in Figure || and || The counterterms coming from these diagrams in 
case of one fermion field in the adjoint representation are 



11/ n S ri b \ 



(28) 



1 i / n f n b 

+ {An) 2 d _ A [4(a + 3)g 2 NM l + 2j2 T, m iA\h AC \ 2 ) /^tr(M) (29) 
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Figure 8: 



Diagrams contributing to the two- point function of a 
fermion field in the adjoint representation 




4 \ 

-/\/\/\y i 




■4- — . — V 



Figure 9: Diagrams contributing to the three- point function of a 
fermion field in the adjoit representation coupling to 
gauge field 



+ 



1 



9 



(An) 2 d-A 



(3 + 5a)g 2 N - E E \h A c\ 2 ) /Vxtr ( * * ^ [A„ *] 

v A=l C=l / ^ 



(30) 



From (|28| ) we have the renormalization of the field ^ 

1 1 / 1 n/ n " 

z.* z . = 1 + __^- 5 EEI*«l 



(47r) 2 rf- 

and from ( |29|) we have the renormalization of the mass Mi 

1 1 



(31) 



Mi 



M l 



(An) 2 d-A 



n f n b 

12g 2 NM 1 + E E ( 2 ™ia + ^i) I^acI 

A=l £7=1 



(32) 



Thus, we see, the fermion masses (P7|, |32|) are mixed with each other only in the presence 
of the boson- fermion interaction It should be also noted that renormalization of the 
SU(N) part of the fermionic field in the adjoint representation and its mass are the same 
as in the commutative case. Counterterm (|3"0"D, as it may easily be checked, is absorbed 
by the renormalization ( p0"| , |31~D . 

As far as the nonplanar contributions to these 1PI functions are concerned their struc- 



ture is similar to (|14]) and ([18|JT9| ) for the cases of the two- and three-point functions 
respectively. And, as a consequence, the nonplanar contribution to the two-point func- 
tion depends on the U(l) parts of the fields only and nonplanar contribution to the 
three-point function has no pure SU (N) field dependence. 

3.5 1PI functions with gauge field and boson external lines 

For the boson field in the fundamental representation the diagrams corresponding to its 
1PI two-point function are shown in Figure 10, which result in the counterterms 



(47 



^ml(N + 1) + 2N(f a + f b )Ml - 2ag 2 Nmj 



(An) 2 d-A \ 3\ 

-8N\h\ 2 ( y m 2 1 + m 1 M 1 + M?) ) [d d x(f) + (p. 
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Figure 10: Diagrams contributing to the two- point function of a 
boson field in the fundamental representation 



This 1PI function as well as 1PI function of the fermionic field in the fundamental repre- 
sentation has no nonplanar contribution. 

Let us try to generalize these counterterms to the case of an arbitrary number of the 
matter fields. First of all we must write down the relevant part of the classical action. It 
has the following form 

J d d x [d^ + c D^c - <&m\cc4c< ~ XlClC ^ Ci 0+ * C2 * 0+ 3 * 4> Ci 

- faC 1 D a D 1 C2<t>C 1 * $ A> * * 0C 2 - fbC 1 D 1 D a Qi<l>C l * * $ ' D 2 * 4>C 2 (33) 
~h A BC 4>A*^B*(pC - h* ABC (j)^-k^ B -k 1p A y 

Hereafter summing over repeated indices a,b,c,d is assumed. Indices A run from 1 to rif, 
B run from 1 to rip, C run from 1 to n&, D run from 1 to rig. In expression ([33|) f a CiD 2 D 1 c 2 
and fbc 1 D 1 D 2 c 2 are rea l constants and Ai has the symmetry 

A1C1C2C3C4 - A lC 3 C 4 CiC 2 = Kc 2 dCiC z = Kc4,C 3 C 2 Cii 

which follows from the reality condition of the action and properties of the star-product. 

The structure of renormalization of the field <pc and its mass matrix is similar to that in 
case of the fermionic field in the fundamental representation which was described earlier. 
It is also independent of whether the theory is noncommutative or not. To simplify the 
calculations we assume like in section |3.4| that both bare and renormalized mass matrices 
are diagonal m \ cc , =m l c 5cc, m 2cc = m 2C^cc- Then the relevant part of the classical 
action plus the counterterms have the form 

( 1 1 

J d d x d^^d^c^c.c, + jz^ E CiC 2 ) - <t>cAG 2 (ml Cl 6 Cl c 2 + jz^ M CxC 2 )- 



Here 



2^ i :il 



(47T) 

M Cl c 2 = (2ag 2 Nm 2 2Ci 5 Cl c 2 + 8Nh* ABCi h ABC2 {m\ A + m 1A M 1B + M 2 1B ) 



E GiC 2 = (A , 2 [g (q - 3)^CiC 2 + 2h ABCi h AB c 2 ), 



—2NMl D (f aCl DDC 2 + fbdDDCa) 7^~(N \icCdC 2 + MciCCC 2l 



Doing similar calculations as in case of the field if) a we at first get the renormalization of 
the bosonic field in the fundamental representation 

( 1 1 A 

0c = ( °cc> + ~JZ~^2 Ecc ' ) ^ c> - 

and then the renormalization of its mass matrix 



™ Ice = ™>lc s cc + 



d-4 



1 2 1 2 

Mcc — 2 m 2C^cc — -^Ecc^a 
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If we demand the bare mass matrix m \ cc , to be also diagonal we must impose the 
following restrictions on the parameters of the theory 



m 



rrir, 



2Nh* ABCi h ABC2 (Amj A + Am 1A M lB + AM 2 B - 

2 

—2NM\ D (faCiDDC 2 + fbCiDDC 2 ) (N\lCCdC 2 + ^lCi< ( ( 



3! 



AcA 



C<JCC', 



with Ac being some quantities and summing over indices A, B, c and D is assumed. This 
situation is completely analogous to that in the commutative theory. Since there are no 
nonplanar diagrams contributing to the 1PI function under consideration then the same 
restriction arise in the corresponding commutative theory. 

In the following we shall not discuss the generalization of the theory to an arbitrary 
number of the matter fields. In the case of one field of each type we have the renormal- 
ization of <fi and 







1 + 



N 



(An) 2 d-A 



ml + 



(An) 2 d-A 



a -3)g 2 + 2\h\ 2 _ , 

AN\h\ 2 (2ml + 2mxM x + 2M\ - m 2 2 ) + 6g 2 Nm 2 2 
Ai 



(34) 



-2N(f a + f h )Mi 



3! 



(N + \)m\ 



(35) 



The renormalization of the bosonic field in the fundamental representation and its mass 
are the same as in the corresponding commutative theory due to the absence of the 
nonplanar diagrams contributing to the relevant 1PI function. 

Since we have already renormalized the gauge field coupling, the gauge field and the 
bosonic field in the fundamental representation we should check that these renormalization 
relations absorb the divergencies of the three- and four-point 1PI functions. The divergent 



diagrams corresponding to three-point function are shown in Figure |Tl| Summing up the 






d f V 



Figure 11: Diagrams contributing to the three- point function of a 
boson field in the fundamental representation coupling 
to gauge field 



contributions of these diagrams we find the counterterm 

c d 



1 ' N a+b ° 

'■' 1 -3g 2 +3ag 2 +4\h\ 2 



d d x 



(An) 2 d-A 

which is absorbed by the renormalization of the fields and the gauge coupling constant 



HP- 

The diagrams contributing to the four-point function are shown in Figure [12 ,@ Diagrams 



'Diagrams which are not shown in Figure O are non-planar. 
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d T A 



'x/xSx/x/xW— -»-Aa/wv 









Figure 12: Diagrams contributing to the four- point function of a 
boson field in the fundamental representation coupling 
to gauge field 

g and h, j and k, i and 1, cancel each other. The others give the following contribution to 
the counterterm 



1 g 2 N 



(An) 2 d 



x 



— - J d d x 4> + * * -k c/) x 

a b c d e + f(— e) 

■\g 2 (?> + a 2 ) -\g 2 (?> + a) +\g 2 (A + a + a 2 ) +A\h\ 2 +3ag 2 



which is also absorbed by the renormalization of the fields and the gauge coupling constant 
©ED- 

For the case of the boson field in the adjoint representation we have diagrams in 



Figure 13 for the two-point 1PI function. The resulting counterterm and renormalization 



Figure 13: Diagrams contributing to the two- point function of a 
boson field in the adjoint representation 

relations of the field $ and the mass M 2 are 



1 Ag 2 N : 
{An) 2 d-A 



(4tt)2 d- 4 



[a — 



3) J d d xtr (^$ + <9 M $ 



2m 2 2 (f a + f b ) + NM 2 ( ^(2A 2a + X 2b ) - 4ag 2 



d d xti ($+$) 



M 2 2 



M 2 + 



j^y 2 — A ^g 2 NM 2 2 - ^iV(2A 2a + \ 2b )M 2 2 - 2(f a + f b )mi 



(36) 



The renormalization of SU(N) part of the bosonic field in the adjoint representation is 
the same as in the commutative SU(N) gauge field theory with the same matter field 
content. 
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Since the three- and four-point 1PI functions depend only on the gauge coupling 
constant, the gauge field and the bosonic field in the adjoint representation for which 
renormalization has already done we need to check that the divergences of these 1PI 
functions are absorbed by the fields and the gauge coupling constant renormalization. 



Corresponding diagrams are shown in Figure 14 for the three-point function and Figure 15 



/ <_> / a, 






Figure 14: Diagrams contributing to the three- point function of a 
boson field in the adjoint representation 

for the four-point function. Calculating these diagrams one obtains 

•xx ^xx es: as: as: 

->~/v/\/\>*— 

oTT 









m XX "J/CL 



Figure 15: Diagrams contributing to the four- point function of a 
boson field in the adjoint representation 



1 ig 3 N 



d d xtr 



(An) 2 d - 4 

a + 6 c d 
x [ -9 +2a +3a 

1 6g 4 N 
(4vr) 2 d 



3^(1 -a) /^tr([^,$+]*[^,$] 



(b) 
(c) 

(d + e(= d)) 
(f + 9(= /)) 



+ 
+ 

+ 
+ 



1 g 4 N 9 + 3a 2 
(47r) 2 d-4 2 

1 # 4 iV 3 + a 
(4tt) 2 d - 4 2 
1 # 4 iV -12 - 3a - 3a 2 



(4tt) 2 d - 4 

1 g^N 
(47r) 2 d-4 ( 

1 # 4 iV 
(4vr) 2 d-4 ( 



y d d x tr ( [A", $ + ] * [Ap, $] - 2$+ * A M * $ * A") 

y d d xtr(5[y4 /x ,$ + ]*[y4 / ,,<l>] - 2$+ * A^ * $ * A^) 

d rf xtr([A\$ + ]*[vV,$] 

- 2$ + * A, * $ * 



-3a) J d d x tr ( [A 1 , $+] * L4 M , $] + 2$+ ★ * $ * A* 
-4a) /" d d x tr ( [A\ $ + ] ★ [A„, $] - $+ ★ A„ ★ ★ $ ★ A" 



For the four-point function contributions of h and i, j and o, k and 1, m and n diagrams 
cancel each other. From these expressions for the counterterms we see that these countert- 
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erms are absorbed by the renormalization of the fields and the gauge coupling constant 

The other 1PI functions can't destroy multiplicative renormalization of the theory, 
since they can be absorbed by the renormalization of the coupling constants of the matter 
fields for which renormalization has not been done yet and we may always absorb the 
divergences by their renormalization. The rest of the counterterms are 



(An) 2 d- A 



(N+l) 



'2Ai 
4! 



+ 3# 4 iV-4|/i| 4 iV 



+ 



(47r) 2 d-4 



+ NUl + ft) ~ *9 2 N± 



d x 4> + * 4> * <f) + ★ i 
2 



+ f 2 + ft + ^iV(4A^ a + X 2 2b 



- -ag NX 2a 



d xtr 



+ 



(An) 2 d- 4 

+ 2N 

1 1 



6g 4 N + 2f a f b + ^NX 2b (AX 2a + \ 2b ) - ^ag 2 NX 2b 



3! 



(47r) 2 d-4 



d xtr 



1 



$ + * $ + * $ ★ $ 



6</ 4 iV - 6af a g 2 N + ^XJ a + 2f 2 a N 



-^N(2f a X 2a + f b X 2b 



J d d x (f) + * $ ★ $+ * . 



(47r) 2 rf-4 



6^ 4 iV - 6a/ 6 <7 2 iV + -AJj + 2f b N 



+ -iV(2/ fe A 2a + / a A 2h ) 



1 2N A, /A 



26 



(47r) 2 d-4 3! V 4! 



y d d x c/) + ★ $ + * $ ★ 

a# 2 ^ y d d x tr [ $ * $ ★ $ * $] 



+ 



1 2N Ao /A 



'-^-ag 2 \ I d d xtr 



(An) 2 d-A 3! V 4! 

1 £ 2 iV/l 



(An) 2 d 
1 g 2 Nh* 



(An) 2 d-A 



iv a r j - 

— -(6 + 4a) y d d x if) * * <p 

(6 + 4a) / d d x(j) + 



(37) 



(38) 



These counterterms lead to the following renormalization of the coupling constants of the 
matter fields 



d-A ^1 ^1 , 1 1 

M 4! " 4! (4<) 2 d-4 



4|/*| 4 iV - 3/iV + ^ 2 AT Al - ^\h\ 2 NX l - N(f 2 a + f 2 b \ 



4! 
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4 ^2a 


Xo 


+ 


1 


1 




IT 


IT 


(4vr 


) 2 d- 


4 


o 

-4 ^26 


^26 


+ 


1 


1 




U 




(4tt) 


2 d- 


4 



9 2 NX 2a - 
g 2 NX 2b - 



(4!) 2 
2 

(4P 



iV(4AL + Xl b ) - f a - ft - 6g'N 
NX 2b (AX 2a + X 2b ) - 2f a f b 



-6g i N-2N 



3! 



/" 4 /a 



(4tt) 2 d - 4 



V Jb 



fb + 



(An) 2 d-A 



18g 2 Nf a - Qg 4 N - -±f a - 2f 2 a N - A\h\ 2 Nf a 
~N{2f a X 2a + f b X 2b ) 
18g 2 Nf b - 6g A N - ^f b - 2f 2 b N - A\h\ 2 Nf b 



--N(2f b X 2a + f a X 2b ) 



h 

o 

A 3 



fi~ Z h h z h = i + 



/i 4 d Z\ 3 Xz 



(4vr) 2 d - 4 
1 N 



-\h\ 2 (l - 3N) - g 2 N(3 + 8a) 



j x 3 



1 + 



(4yr) 2 d-4 



24g< 



1 



A 



26 



(39) 
(40) 



As a result we see that the theory under consideration is multiplicatively renormaliz- 
able in the one-loop approximation. If we consider /„, f b and X 2a , X 2b to be not indepen- 
dent [ELS 



fa -> fax, 
X 2a — > X 2 a 2 , 



f b - fh, 

X 2b — > X 2 b 2 , 



ai + bi — 1, 
a 2 + b 2 = 1, 



where a and b are real numbers (which are not renormalized) , then the theory will be 
renormalizable if we put the following restrictions on these numbers 



ai = bi, 



«2 



>2, 



A, = 0. 



From the above formulae (^,^) we see that if we would like to reduce the number 
of interactions without breaking multiplicative renormalizability we could neglect only h 
and A3 couplings. It should be noted that these formulae of renormalization of the matter 
fields coupling constants have never been written out in explicit form in the literature. For 
example in the works BEUI only the structure of the divergencies ([371^8]) was discussed. 



4 Summary 

We have studied the one-loop renormalizability of the general noncommutative Yang-Mills 
field coupled to different kinds of matter fields interacting among themselves. 

Unlike all the previous works we have included in the action the scalar and the spinor 
matter fields both in the fundamental and in the adjoint representations. The action also 
contains some new terms describing interaction among the matter fields which have not 
been considered previously in the context of the noncommutative field theories. Natu- 
rally, inclusion of any new term in the action may influence on renormalizability of the 
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theory. To prove the theory is one-loop multiplicatively renormalizable we computed all 
counterterms needed to cancel the one-loop divergences of the effective action. The formal 
structure of the counterterms of the noncommutative theory is the same as the formal 
structure of the corresponding counterterms of the commutative theory but pointwise 
multiplication of the fields is replaced by the star product. One more distinctive feature 
of the counterterms is the numerical factors in the renormalization constants which dif- 
fer from the corresponding factors of the commutative theory due to the appearance of 
nonplanar diagrams. The number of diagrams contributing to a given 1PI function is the 
same as in a commutative theory and its noncommutative counterpart. But some of the 
diagrams of the noncommutative theory are nonplanar and so have no UV divergences. 
This leads to difference of the numerical factors in the renormalization constants. Since 
the numerical factors are changed multiplicative renormalizability of the theory may be 
destroyed but it does not happen due to the preservation of U(N) gauge invariance of the 
model at the one-loop level. 

We have also shown that the result for pure gauge field 1PI function may be gener- 
alized to the case of an arbitrary number of the matter fields. All results concerning the 
renormalization of the fields and coupling constants agree with the previous results in the 
literuture and include them as a partial case. 

Our calculations, in the framework of a general model confirm the specific features 
of noncommutative field theories which were found within the various simple models. 
The number of UV divegent diagrams is reduced due to the appearence of the nonplanar 
diagrams which are considered to be UV finite. 

On the whole, we have established the one-loop multiplicative renormalizability of 
general noncommutative Yang-Mills field model interacting with the matter fields. At 
different values of its parameters, this model is reduced to a number of various concrete 
models. Therefore the results obtained here allow us to find the one-loop counterterms 
for many concrete noncommutative field theories. 
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A Feynman rules 

Propagators 




G (A^(k);A^(k')) 
5(k + k%S l - 



+ (!-<*) 




Go(C:i(h);CZ(l 2 )) 



*t(^i)~ - +■ - -* a ? 2 2 (Q 2 ) = GoCf^CQi);*.?^)) 
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6(k + p) 



G^ hk ( qi )^ al {q 2 )) = 5(q 1 + q 2 )5[ 



qf — mf 



fi(P 4- P ")A m lA m 2 



i> bk (qi)- - - 
*+%{Pi) 

<P +m (pi) ► 

Vertices 

Here we have kept only terms which give contributions in the planar diagrams. 
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21 



A,i(k)<w+ - - ip al (q 2 ) = V(A^(k),MQ2)) 

~5(qi + Q2 + k)Y a b s l H bJ (qi)e 1 z qieq2 
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4>n{P2) 



5ip hk {qi) iPal{Q2) 

Jk 

+ ^-^( Ql ) = F(ft(Qi),^(g 2 )) 
h* I ~5(Pi + Qi + fc) S a b 5 l kl k h (Pi)e-^ 9pi 
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♦ - ^ bk (qi) = V$ bk ( qi ),* a k *(Q 2 )) 
h [ ~6(Qi + Q2+ ft) 4 2 <fe(ft)e^ P2 



>R 



s R v 



*af 2 2 (g 2 )- 



+m bl)- 



5ft(Qi)^4 2 (Q2) 

Jk L 

n 
k 2 



hi 5(qi + Q2+P2)5 n k J ah ( qi )e-^ 



qi 



fc* / *(Pi + Q 1 + q 2 ) 5t 4, bkl (q 2 )e^ 
Jqi 



(p +m (pi)- 



(p +m (pi)- 



+^-$™(P 2 ) = F(0 +w ( Pl ),$^(P 2 )) 

: -/a / tf(pi + ft + Pi + P2) C $4* (A) fc (p 2 )ei^ 2+Pl H^ 



-fb I 5(Pi+P2 + Pi + P2) C ^ 1 (^ 2 )4(ft)e^ ie(p2+P2)+ ^ 2eP2 



<Mft) 



<7 / *'(pi + P2 + k) (rf - f 2 ) A,Uk)e^ pi0k 
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-fa f ~S(Pi +P2 + P1 + P2) ¥jP 2 )^(P 1 )e-y^+^ p ^ 
-fb [ 5(pi +P2 + P1 + P2) $^(Pi)^(P 2 )e-^ e(Pl+P2) -^ 1 ^ 
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(t>n{p2) 
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Pi 
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J vi ft 



'Pi ft 

d>^(P 2 ) » . « $^(P 4 ) = F($™ 2 (P 2 ),$^(P 4 )) 
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$ff(P 2 ) > . > $ + ^(P) = \/($- 2 (P 2 ),$+^(P 1 )) 
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4! JP3P4 



5(P a + P 2 + P 3 + P 4 ) fC 2 ^ 1 ( J P4)$4 2 ( J P3)e^ Pie(P3+P4)+ ^ P3eP4 



A 



26 



4! JP3P4 
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A 2 & 
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